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Let an(k) be the coeﬃcient of tk in the nth cyclotomic polynomial
Φn(t) =
n∏
j=1
gcd( j,n)=1
(
t − e 2π jin ).
Let M(k) = limx→∞ 1x
∑
nx an(k) be the average of an(k), as
introduced by Möller, and let fk = π26 M(k)k
∏
qk
q prime
(q + 1). It
was asked by Y. Gallot, P. Moree and H. Hommersom if the fk
are integers for all k. In this paper, we prove that this is so. We
further show that for any ﬁxed natural number N , fk contains N
as a factor for suﬃciently large k.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Deﬁne an(k) to be the coeﬃcient of tk in the nth cyclotomic polynomial, so
Φn(t) =
n∏
j=1
gcd( j,n)=1
(
t − e 2π jin )= ∞∑
k=0
an(k)t
k.
Note that since the degree of Φn(t) is ϕ(n), the Euler totient function of n, an(k) = 0 for k > ϕ(n).
E-mail address: ggyiran07@yahoo.com.0022-314X/$ – see front matter © 2009 Elsevier Inc. All rights reserved.
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S. Gong / Journal of Number Theory 129 (2009) 2924–2932 2925Although research about the coeﬃcients of an(k) goes back to the 19th century, there has been
renewed interest in the topic as many conjectures have been resolved in recent years, some with the
aid of machine computation, and new tools have been found (see [1–3,5,8–12]).
Deﬁne cn(k) to be the coeﬃcient of tk in the Taylor series of 1Φn(t) at t = 0, that is,
1
Φn(t)
=
∞∑
k=0
cn(k)t
k.
In order to simplify some calculations, as in [4], we introduce notation:
a1n(k) =
{
an(k), n > 1,
−a1(k), n = 1 and a
−1
n (k) =
{
cn(k), n > 1,
−c1(k), n = 1. (1)
It may easily be shown that the coeﬃcients an(k) and cn(k) are integers, and therefore a1n(k) and
a−1n (k) are also integers. See [4] for details.
We deﬁne the averages of the coeﬃcients thus: for k 0, deﬁne M(k) to be
M(k) = lim
x→∞
1
x
∑
nx
an(k)
and
ek = π
2
6
M(k).
Note that M(k) is a function only of k, because it is the average of the kth coeﬃcient as n ranges to
inﬁnity.
In [10], Möller showed that for k 1, ek is a rational number. In order to study the behavior of the
denominator of this rational number, Gallot, Moree and Hommersom [4], also consider the quantity
fk = ekk∏ qk
q prime
(q + 1). They veriﬁed that this is an integer for k  100, and asked whether it is
true in general. In this paper we prove that this is so. Furthermore we show that for any natural
number N , there is some M such that for all k  M , N divides ekk
∏
qk
q prime
(q + 1). Namely, we will
prove the following main theorem of this paper.
Theorem 1.1. For all k  1, fk = ekk∏ qk
q prime
(q + 1) are integers. Furthermore, for any natural number N,
there is a natural number M such that if k M, then N divides fk.
2. Some preparations
In [4] it is shown that
2 fk = 2ekk
∏
qk
q prime
(q + 1) = π
2
3
M(k)k
∏
qk
q prime
(q + 1) =
∑
d|Mk
Mk
d
(
a1d(k) + a−1d (k)
)
, (2)
where Mk is deﬁned as k
∏
qk
q prime
q.
The right-hand side of (2) is an integer because in each term of the sum, Mkd , a
1
d(k), and a
−1
d (k)
are integers.
2926 S. Gong / Journal of Number Theory 129 (2009) 2924–2932In this paper, we show that in fact for any prime p, and positive integer r, there is M such that
2 fk = 2ekk∏ qk
q prime
(q + 1) is a multiple of pr for k  M , and that for p = 2, r = 1, M can be taken
to be 6. Applying this fact to the divisors of 2N , this implies Theorem 1.1, and when applied to
p = 2, r = 1, shows that fk = ekk∏ qk
q prime
(q + 1) is an integer for k  6. Since Gallot, Moree, and
Hommersom [4] show that it is an integer for 1 k 100, this answers the question.
Before we proceed, consider the following lemma.
Lemma 2.1. For any prime p and natural number r, there is an integer M such that for any k M,
∑
q<k
q≡−1 (mod pr)
q > k,
where the sum is taken over all primes q < k satisfying q ≡ −1 (mod pr). Also for p = 2, r = 1, M may be
taken to be 6.
Proof. Note that it suﬃces to show that for k suﬃciently large there are at least two primes in
[k/2,k) that are −1 mod pr . Here we invoke the prime number theorem for arithmetic progressions;
for the function π(−,−1,b) : R+ → R+ , with π(x,−1,b) being the number of primes q < x such
that q ≡ −1 (mod b), this theorem states that
lim
n→∞
π(n,−1,b)
1
ϕ(b)
n
ln(n)
= 1.
Thus, for k → ∞,
π(k,−1,b) − π(k/2,−1,b) ∼ k
2ϕ(b) lnk
so that for k suﬃciently large, there are at least two primes in [k/2,k) which are −1 (mod b).
The lemma follows from applying the above to b = pr .
For the case p = 2 and r = 1, Ramanujan showed that there are three primes in [x/2, x] if x 17,
which means that there are at least two primes in [x/2, x), as desired (clearly all of these primes will
be −1 mod 2). Also this result can easily be checked for integers in the range 6 to 16, so it holds for
all k 6. 
Let us denote a partition of k,
k1 + k1 + · · · + k1︸ ︷︷ ︸
nk1
+ k2 + k2 + · · ·k2︸ ︷︷ ︸
nk2
+ · · · + ks + ks + · · · + ks︸ ︷︷ ︸
nks
= k
with nk1  nk2  · · · nks by {k
nk1
1 ,k
nk2
2 , . . . ,k
nks
s }, where k1,k2, . . . ,ks are positive integers. Denote the
set of partitions of k by P(k).
Lemma 2.2. For any prime p, and natural number r, there is a natural number M such that for k M, for any
partition λ = {knk11 ,k
nk2
2 , . . . ,k
nks
s } of k, there is some prime q k, with q ≡ −1 (mod pr) such that q does not
divide k j for any j  s. In particular, for p = 2, r = 1, we may take M to be 6.
S. Gong / Journal of Number Theory 129 (2009) 2924–2932 2927Proof. We will take M in Lemma 2.2 to be the same as in Lemma 2.1. For k > M , let q1,q2, . . . ,qi be
the primes less than k and ≡ −1 (mod pr). If Lemma 2.2 is not true, then each of the q’s must divide
at least one of the partition pieces. Since the product of one or more primes is always at least their
sum, each part k j is at least equal to the sum of those q1, . . . ,qi which divide it, and so k is at least
the sum of all these q’s. This contradicts the assertion in Lemma 2.1. 
We will also use the following formula for the cyclotomic coeﬃcients, which is proved in papers
[10,4].
For n 1, k 0, and  = ±1, we have
an(k) =
∑
λk
s∏
j=1
(−1)nk j
(
μ( nk j
)
nk j
)
, (3)
where λ  k denotes the partition λ = (knk11 ,k
nk2
2 , . . . ,k
nks
s ) ∈ P(k).
In the above, the Möbius function, μ(x) is deﬁned by
μ(x) =
⎧⎨
⎩
0, x is not an integer,
0, p2 | x for some prime p,
(−1)i, x = p1p2 · · · pi for p1, p2, . . . , pi distinct prime numbers.
It is also shown in [4] that
(−1) j
(
μ(nd )
j
)
=
{−μ(n/d) if j = 1,
μ(n/d)(μ(n/d) − 1)/2 if j  2. (4)
3. The proof of the main theorem
With Eq. (2), one notes that the main theorem will follow if we can show that pr divides∑
d|Mk
Mk
d (a
1
d(k) + a−1d (k)) for k larger than p and suﬃciently large for Lemma 2.2 to hold. Note
that for p = 2, r = 1, which is the case that can be used to answer the original question aﬃrma-
tively, it suﬃces to take k to be at least 6. So, as the result is veriﬁed for k  100 in [4], this is
enough.
Note that it suﬃces to show that for each nonnegative integer i,
pr
∣∣ ∑
d|Mk
pi‖d
Mk
d
(
a1d(k) + a−1d (k)
)
.
Let k = plt for t ∈ Z and p  t . Then, since k > p, there is exactly one factor of p in ∏ qk
q prime
q, so
we have Mk = pl+1mk , for some mk ∈ Z. We want to show that for each i
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∣∣ ∑
d0|mk
pl+1−imk
d0
(
a1d0pi (k) + a
−1
d0pi
(k)
)
(where d0 = dpi ). It clearly suﬃces to show
pr
∣∣ ∑
d0|mk
mk
d0
(
a1d0pi (k) + a
−1
d0pi
(k)
)
.
This way mk and d0 are relatively prime to p.1
Now, by Eq. (3) we have
a
d0pi
=
∑
λk
s∏
j=1
(−1)nk j
(
μ(d0p
i
k j
)
nk j
)
. (5)
Thus, interchanging the order of summation, we want to show that
∑
λk
∑
d0|mk
mk
d0
(
s∏
j=1
(−1)nk j
(
μ(d0p
i
k j
)
nk j
)
+
s∏
j=1
(−1)nk j
(−μ(d0pik j )
nk j
))
(6)
is divisible by pr .
So it suﬃces to show that the summand for each λ ∈ P(k) is a multiple of pr , namely
pr
∣∣ ∑
d0|mk
mk
d0
(
s∏
j=1
(−1)nk j
(
μ(d0p
i
k j
)
nk j
)
+
s∏
j=1
(−1)nk j
(−μ(d0pik j )
nk j
))
. (7)
Case 1. All the nk j = 1.
Applying (4), we want that for each partition λ = (k11,k12, . . .k1s ) of k,
pr
∣∣ ∑
d0|mk
mk
d0
(
s∏
j=1
μ
(
d0pi
k j
)
+
s∏
j=1
−μ
(
d0pi
k j
))
=
∑
d0|mk
mk
d0
(
(−1)s + 1) s∏
j=1
μ
(
d0pi
k j
)
. (8)
Now consider the q corresponding to k and to λ from Lemma 2.2. Since q  k, q 	= p, we have
q | mk . Let us partition the factors of d0 of mk into A, B, and C where d0 ∈ A if and only if q  d0,
d0 ∈ B if and only if q | d0 and q2  d0, and d0 ∈ C otherwise, i.e. if and only if q2 | d0.
For d0 ∈ C , the integer d0pi/k j is divisible by q2 so μ(d0pi/k j) = 0. Thus we may ignore the terms
in (8) with d0 ∈ C . Thus it is suﬃcient to show that
(
(−1)s + 1s)
( ∑
d0∈A
mk
d0
s∏
j=1
μ
(
d0pi
k j
)
+
∑
d0∈B
mk
d0
s∏
j=1
μ
(
d0pi
k j
))
≡ 0 (mod pr). (9)
1 Actually, it is not necessary in this proof to clear the factors of p; if we did not do this there would still always be more
factors of p in the numerator, and just using the original Mk and d, the proof carries through. I chose to clear the factors of p
because when working modulo pr , it is simpler with no factors of p in the denominator.
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with qd0 ∈ B. This is clearly a one-to-one correspondence. We wish to show that for s even,
mk
d0
s∏
j=1
μ
(
d0pi
k j
)
+ mk
qd0
s∏
j=1
μ
(
qd0pi
k j
)
≡ 0 (mod pr). (10)
Note that as dictated in the corollary, q  k j for any of the k j , so
d0pi
k j
is an integer if and only if
qd0pi
k j
is, and each is also squarefree if and only if the other is. Furthermore, in the situation that they
are squarefree integers, multiplying by q switches the parity of the number of prime factors, so we
have μ( d0p
i
k j
) = −μ( qd0pik j ). Since s is even, this means
s∏
j=1
μ
(
qd0pi
k j
)
=
s∏
j=1
−μ
(
d0pi
k j
)
=
s∏
j=1
μ
(
d0pi
k j
)
.
Hence (8) reduces to mkd0 +
mk
qd0
≡ 0 (mod pr), which is true since q ≡ −1 (mod pr).
Case 2. nk1  nk2  · · · nkt > 1 = nkt+1 = · · · = nks , where t  1.
Recall that we wish to show
pr
∣∣ ∑
d0|mk
mk
d0
(
s∏
j=1
(−1)nk j
(
μ(d0p
i
k j
)
nk j
)
︸ ︷︷ ︸
♠
+
s∏
j=1
(−1)nk j
(−μ(d0pik j )
nk j
)
︸ ︷︷ ︸
♥
)
. (11)
Note that for nk1  2, by (4),
(−1)nk j
(
μ(d0p
i
k j
)
nk j
)
=
{
1, μ(d0p
i
k j
) = −1,
0, otherwise.
(12)
Thus the summand in (11) corresponding to d0 is only nonzero if
μ
(
d0pi
k1
)
= μ
(
d0pi
k2
)
= · · · = μ
(
d0pi
kt
)
	= 0. (13)
Call (13), seen as a condition on d0, (). If d0 satisﬁes (), let d0 = −μ( d0p
i
k1
). This is so that
d0μ(
d0pi
k1
) = −1, so d0 = ±1 and
(−1)nk j
(
d0μ(
d0pi
k j
)
nk j
)
= 1 (14)
and
(−1)nk j
(−d0μ(d0pik j )
nk
)
= 0. (15)j
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pr
∣∣ ∑
d0|mk
d0 satisﬁes ()
mk
d0
s∏
j=1
(−1)nk j
(
d0μ(
d0pi
k j
)
nk j
)
(16)
since we only have a nonzero term when d0 satisﬁes () and in this situation between ♠ and ♥ only
the term that has the same sign as d0 survives, and the one is with the same sign as −d0 is zero,
because of (15).
Applying (14) again, noting that for 1 j  t , (−1)nk j (d0μ( d0 pik j )
nk j
)= 1, and applying (4) for j  t+1,
nk j = 1, we have (−1)nk j
(d0μ( d0 pik j )
nk j
)= −d0μ( d0pik j ). Hence (16) reduces to
pr
∣∣ ∑
d0|mk
d0 satisﬁes ()
mk
d0
s∏
j=t+1
−d0μ
(
d0pi
k j
)
.
Now again consider partitioning the factors of mk into A, B and C based on how many factors of
q divide them.
Also, as before, q  k j , so for d0 ∈ C , the summand is zero. So we want to show that
pr
∣∣ ∑
d0∈A
d0 satisﬁes ()
mk
d0
s∏
j=t+1
−d0μ
(
d0pi
k j
)
+
∑
d0∈B
d0 satisﬁes ()
mk
d0
s∏
j=t+1
−d0μ
(
d0pi
k j
)
.
Note that for d0 ∈ A, d0 satisﬁes () if and only if qd0 does. Again because q  k j , d0pik j is a squarefree
integer if and only if qd0p
i
k j
is, and in this case μ( d0p
i
k j
) = −μ( qd0pik j ). That is, the signs of all terms
in (13) are switched and therefore they are still all equal to each other, and still nonzero.
Thus, we may again consider the correspondence between d0 ∈ A satisfying () and qd0 ∈ B satis-
fying (). This is clearly a one-to-one correspondence. We wish to show that
mk
d0
s∏
j=t+1
−d0μ
(
d0pi
k j
)
+ mk
qd0
s∏
j=t+1
−qd0μ
(
qd0pi
k j
)
≡ 0 (mod pr). (17)
Note that −d0 = qd0 , and μ( d0p
i
k j
) = −μ( qd0pik j ), for j  t + 1. So multiplying all the terms we get
s∏
j=t+1
−d0μ
(
d0pi
k j
)
=
s∏
j=t+1
−qd0μ
(
qd0pi
k j
)
.
Hence (17) reduces to mkd + mkqd ≡ 0 (mod pr), which again follows from q ≡ −1 (mod pr), as desired.0 0
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Note that we have shown that pr | 2 fk for any k > M where M is the value that makes Lemma 2.1
hold. As suggested by the referee, we may in fact put a quantitative bound for this M in terms of k.
In particular, as shown in Iwaniec and Kowalski [7], the quantitative version of Linnik’s Theorem (see
Corollary 18.8 of [7]) establishes that for some ﬁxed number L, for natural number q suﬃciently large,
for any integer a with gcd(a,q) = 1, and for integer x > qL ,
∑
primes p<x
p≡a (mod q)
∑
{n;pn<x}
log(p) >
x
ϕ(q)q1/2
.
But note that
∑
{n;pn<x}
log(p)
⌊
logp(x)
⌋
log(p) log(x),
so we have
∑
primes p<x
p≡a (mod q)
log(x) >
x
ϕ(q)q1/2
.
Let π(x,a,q) be the number of primes which are less than x and congruent to a (mod q). Then
π(x,a,q) >
x
log(x)ϕ(q)q1/2
 x
log(x)q3/2
.
Now taking a = −1 and q = pr we see that for pr suﬃciently large and for k > (pr)L ,
π
(
k,−1, pr)> k
log(k)(pr)3/2
.
Since there are at least k
log(k)(pr )3/2
such primes, their sum must be at least
1+ 2+ · · · +
⌈
k
log(k)(pr)3/2
⌉
 k
2
2(log(k))2(pr)3
.
So for such k,
∑
q<k
q≡−1 (mod pr)
q >
k2
2(log(k))2(pr)3
.
For k > 100016,
log(k) < k
1
16 ,
and therefore for k > 100016, k > (pr)L , and k > (pr)4,
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2(log(k))2(pr)3
>
k15/8
2(pr)3
> k.
Thus Lemma 2.1 holds for such k. Therefore for pr large enough, say larger than some number X , the
lemma, and therefore the theorem, holds as long as k > (pr)L and k > (pr)4 for some ﬁxed L given in
[7]. Consequently, for suﬃciently large k we have that pr | 2 fk for all pr with pr < k1/L , pr < k1/4, and
pr > X . But we may choose k large enough that for all pr  X , pr | 2 fk . That is, for some number L,
2 fk is a multiple of all integers nmin(k1/4,k1/L) provided that k is suﬃciently large.
Also as suggested by the referee, it may follow from Heath-Brown [6] that L may be taken to
be 5.5, so that for suﬃciently large k, 2 fk is a multiple of all n < k2/11.
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